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GENERALIZED CANONICAL RINGS OF Q-DIVISORS ON 
MINIMAL RATIONAL SURFACES 

AARON LANDESMAN, PETER RUHM, AND ROBIN ZHANG 


Abstract. We give bounds on the degree of generation and relations of gen¬ 
eralized canonical rings of arbitrary Q-divisors on projective spaces of all di¬ 
mensions and Hirzebruch surfaces. We also give exact bounds on the degree 
of generators and relations of the generalized canonical ring of any effective 
Q-divisor on projective space. 


1. Introduction 

For any Weil Q-divisor D on a rational surface X, the graded generalized 
canonical ring is R(X, D) := @ d>0 u d H°(X, [dDj), where u is a dummy vari¬ 
able to keep track of degree. We study the generators and relations of generalized 
canonical rings for projective spaces P m and Hirzebruch surfaces F m . When D is a 
general Q-divisor on P m or F m , we give bounds on the generators and relations of 
R(X, D). In particular, we give a minimal presentation of the generalized canonical 
ring when X = P m and D is any effective Q-divisor. 

In part, this work is motivated by a recent paper by O’Dorney )Q15j . which 
gives similar descriptions of generalized canonical rings for general Q-divisors on P 1 . 
This study also has connections to the papers by Voight-Zureick-Brown |VZB15j 
and Landesman-Ruhm-Zhang [LHZlfij . which provide tight bounds on the degree 
of generators and relations of log canonical rings and log spin canonical rings on 
arbitrary stacky curves. 

Another closely related topic is the Hassett-Keel program lHas05l . which aims 
to describe log canonical models of the form 

M g (a) := ® u d H° (Mg, + a6j) 

d>0 

in terms of certain moduli spaces, where M g is the moduli space of stable genus 
g curves. Moreover, Q-divisors on surfaces also naturally appear when considering 
the canonical ring of surfaces of Kodaira dimension 1. A surface has Kodaira 
dimension 1 if and only if it is an elliptic surface [BHPVdV041 p. 244], and the 
canonical rings of elliptic surfaces are most naturally described in the setting of 
Q-divisors |BHPVdV04l Chapter V, Theorem 12.1], 

1.1. Modular Forms. The work in this paper was motivated by potential appli¬ 
cations to calculating a presentation of certain rings of Hilbert modular forms and 
Siegel modular forms. Recall that Hilbert and Siegel modular forms are two gen¬ 
eralizations of modular forms to higher dimensions, as described in [VDG07j and 
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[BruOB] . Voight and Zureick-Brown show that one can translate the analytic cate¬ 
gory of 1-dimensional complex orbifolds to the algebraic category of stacky curves 
[VZB151 Proposition 6.1.5]. If one could generalize this result to yield an equiva¬ 
lence of categories between an appropriate subcategory of m-dimensional orbifolds 
and a subcategory of m-dimensional algebraic spaces, this would allow us to trans¬ 
late rings of Hilbert modular forms and Siegel modular forms whose coarse space is 
a projective space or a Hirzebrucli surface to canonical rings on the corresponding 
algebraic surfaces. Thereby, if our results could be extended to all rational sur¬ 
faces, they would give a bound on generators and relations for such rings of Hilbert 
and Siegel modular forms parameterized by rational Hilbert and Siegel modular 
surfaces. This would be interesting because such modular surfaces tend to be im¬ 
mensely complicated: “Already for g = 2, the boundary of this fundamental domain 
is complicated; Gottschling found that it possesses 28 boundary pieces” iVDG07 i. 
p. 7]. Since our results only apply to minimal rational surfaces, and because the 
rings of Hilbert and Siegel modular forms are so complex, we were unable to use 
our work to compute the canonical ring of an explicit modular surface. Although 
we did not obtain a bound on the degree of generators and relations for general 
rational surfaces, the restricted class of rational varieties we consider still required 
significant work. 

1.2. Notation. We now define some notation used throughout the paper. Use 
mgZto index the dimension of a given projective space P m and the type of the 
Hirzebruch surface F m . Let D be a (Weil) Q-divisor of the form 

n 

D = ^ oqDi G Q <g) Z DivX. 

i—i 

where n G Z indexes the number of irreducible divisors in the above expansion 
of D, oq G Q, and D| G DivX is an integral codimension 1 closed subscheme 
of X. When it is convenient to do so, we shall sometimes start the indexing at 
0, so that i runs from 0 to n. In the case X = P m , define the degree of D by 
degD := Y. i -1 a i ' degDi. The floor of a Q-divisor D is a divisor [DJ G DivX 
is defined to be [DJ := LoctJD^. Let Rq := © d > 0 ud H°(P m , [d.DJ) denote 
the generalized canonical ring associated to the Q-divisor D. So, Rd is notation for 
R(X, D) when X is understood from context. If R is a graded ring, we denote the dth 
graded component of R by R d . If r is a rational number, we let frac(r) := r — |_rj 
denote the fractional part of r. Throughout, we work over a fixed algebraically 
closed field k. Since generator and relation degrees are preserved under base change 
to the algebraic closure, assuming that k is algebraically closed is no restriction on 
generality and the results hold equally well over an arbitrary field. If D G Q0zDiv X 
is an arbitrary divisor, we denote h°(X, D] := dini|, H°(X, D). 

1.3. Main Results and Outline. In Section[2]we prove the following two results 
bounding the degree of generators and relations of generalized canonical rings on 
P m . The first applies to effective Q-divisors and the second applies to arbitrary 
Q-divisors. 

Theorem 1.1. Let D = Yi=o a tDi G Q 0z DivP m , with oq = G Q>o in 
reduced form and each Di. G DivP m an integral divisor. 

Then the generalized canonical ring Rd is generated in degrees at most maxo<i<n ki 
with relations generated in degrees at most 2maxo<t< n ki- 
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Remark 1.2. Note that the bounds given in Theorem 1 1.1 1 are tight and are typically 
attained, as explained in Remark 12.81 


Theorem 1.3. Let D = Y 1 -n oqDi £ Q 0z DivP m with «i = y- £ Q in reduced 
form. Write lx ■= lcmj^t(kj) and Qt := degDi.. Let P m = Projkjxo,... ,x m ] and 
define Di := V(fi), for some fi £ k[xo,... ,x m ]. Now suppose that {fo,...,f n } 
contains m + 1 independent linear polynomials in xo,... ,x m ( where we allow for 
<Xj = 0 in the expansion of D). 

Then Rd is generated in degrees at most X!T=o ^i Q i. with relations generated in 
degrees at most 


max 


o V o maxo<i<n(cii) r- \ 

2 2-^ deg(D) 


i—0 


i—0 


Remark 1.4. Note that the bounds given in Theorem II.31 are asymptotically tight 
to within a factor of two for a class of divisors described in Remark 12.161 


In Section [3] we shift our attention to Hirzebruch surfaces. Recall that for each 
m > 0 we can define the Hirzebruch surface F m := Proj(Sym* 0 P i 0 0 P i (m)) as 
a projective bundle over P 1 . Let u, v the projective coordinates on the base P 1 
and let z,w be the projective coordinates on the fiber, as defined more precisely at 
the beginning of [3] Since Hirzebruch surfaces are smooth, the natural map from 
Cartier divisors to Weil divisors is an isomorphism. In other words, all Cartier 
divisors arise as the zero locus of a section of some line bundle. We implicitly use 
this in the statement of the following theorem. The analogous fact for projective 
space was also implicitly used in Theorems 11.11 and 11.31 

Theorem 1.5. Let D = ^T=i °hDi £ Q 0z DivF m where oq = £ Q is written 

in reduced form. Let each Dj. = V(ft), where fi £ 0(at,bi). Let u,v,z,w be the 
coordinates for the Hirzebruch surface F m , and suppose that {f i,..., f n } contains 
two independent linear polynomials in u, v and two independent linear polynomials 
in w, x (where we allow for a, = 0 in the expansion of D). 

Then Rd is generated in degrees at most 


lem i <i<n(ki) • Y_ Qibi 

y 1 <i<j <n 

with relations generated in degrees at most 

2 • lcmi<i< n (ki) ■ Y_ a i^i 

y 1 

Remark 1.6. Theorem II.51 is restated with a more precise bound in Theorem 13.41 

By the classification of minimal rational surfaces as either P 2 or a Hirzebruch surface 
[EH87| , Theorems 11.31 and 11.51 provide bounds on generators and relations for the 
generalized canonical ring of any Q-divisor on any minimal rational surface. Section 
SI discusses further questions. 
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2. Canonical Rings of Projective Space 

Let k be a field and let P m denote m-dimensional projective space over k. In 
this section, we bound the degrees of generators and relations for divisors on P m , 
for all m > 1 in Theorem 11.11 Note that if deg D < 0 the generalized canonical 
ring is concentrated in degree 0, and if degD = 0, then the generalized canonical 
ring has a single generator. Therefore, for the remainder of this section, we shall 
assume degD > 0. The P 1 case restricts to the results of ;Q15] . We also give an 
explicit description of the generators of the generalized canonical ring Rd when D 
is an effective divisor in Theorem P 

For the remainder of this section, we shall fix m > 1 and choose an isomorphism 
pm ^ p ro j y f or some vector space V with basis xo, ..., x m . 

2.1. Preliminaries on Projective Space. Before bounding the degree of gen¬ 
eration and relations of generalized canonical rings on projective space, we first 
describe a particular choice of basis for Rd as a k vector space. 

Write 

n 

D = ^ aiDi. 

i—0 

where n S Z, at £ Q, and degDi = at. Choose ft so that Di = We shall 

further assume for this subsection that (possibly after reordering) fo,...,f m are 
m independent linear forms on P m . This may necessitate the inclusion of “ghost 
divisors” Di with coefficients at = 0. 

Proposition 2.1. The functions u d ■ OiLo^i 1 ^ (Rd)<i satisfying both of the 
following conditions 

(!) LLo c t • =° 

( 2 ) ci > — [datj 

span H°(P rrl ,dD) over k. Furthermore, such functions that also satisfy 

(3) Ct = — [docij for i > m 
form a basis for H°(P m , dD) over k. 

Proof. By definition of H°(P m ,dD), functions satisfying conditions (1) and (2) 
lie in H°(P m , dD). To complete the proof, it suffices to check functions satisfying 
conditions (1-3) form a basis of H°(P m , dD). Note that there are ^ m + d ®sL dD J) func¬ 
tions satisfying conditions (1-3). However we know h°(P m , dD) = ^ m +degL dD J^ g0 
it suffices to show that those functions satisfying conditions (1-3) are independent. 
This follows from the assumption that fo, ...fm form a basis of linear forms, and so 
all monomials in fo,..., f m of degree deg[d(deg D)J form a basis of degree deg[dDj 
rational functions. □ 

2.2. Effective Divisors on Projective Space. In this subsection, we restrict 
attention to the case of effective fractional divisors D £ Q DivP m . We give 
an explicit presentation of the generalized canonical ring when D is an effective 
divisor. 

Convention 2.2. Let P m = Projk[xo,... ,x m ]. Let v = (vo,...,v m ) €E Z m+1 . 
Then write 


m 



1=0 
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Definition 2.3. For v £ Z n , denote degv := ^I[' = o v i- For a given sequence of 
numbers Co,.. •, c r , let 

§i := |v £ Z^ 0 +1 :degv = Ci|. 


Next, we define an ordering on these vectors, which will be used to give a pre¬ 
sentation for Rq- 

Definition 2.4. Let v, w £ Z m . Let i £ {0, ..., m} be the biggest index such 
that Vi is nonzero and j £ {0,..., m} be the smallest index such that Wj is nonzero. 
Define a relation on Z m+1 by v -< w if i < j. 


We are now ready to give an inductive method for computing the generators and 
relations of Rq in terms of Rd' in the case that D' = R D + aH for H a hyperplane 
and oc positive. The statement and proofs are natural generalizations of (0151 
Theorem 6]. 


Theorem 2.5. Let P m = Projktxo,... ,x m L Let D' £ Q (8>z DivP m and D = 
D' + aH, with a = F £ Q>o and H := V(xk) a hyperplane of P m . Let 

0 = ^<^1<...<^L = E 

do di d r q 


be the convergents of the Hirzebruch-Jung continued fraction of oc. Then, the gen¬ 
eralized canonical ring 

R d :=0u d H°(P m ,LdDj) 

d>0 


has a minimal presentation over Rd' consisting of the X!l=o 
Ff := —— where 0 < i < r, v £ ZIF^ 1 with degv = Z\. 

X k — 

relations generated by the following two classes of elements. 

(1) For each (i, j) with j > i + 2 and each v £ Si, w £ Sj, 
the form either 

G =F?Ff- n (F ^,) 90 

■y €§n i j 


( m+ c- 1 ^ generators 
Furthermore, it has 

there is a relation of 
(I < hij < j) 


or 


G V, W rVrW 

i,j =r i h j 


n't j 90 - n ( F i, j+ i) 9 ^ 

■y€SK i j j+i 


(i < lu,j < bij +1 < j). 


(2) For each (i, j) with j = i or j = i + 1 and each v £ St,w £ Sj with v^w 
(see Definition\2.4\) there is a relation of the form 


t v,w _ pvpvv _ ry yz 

L i,j — r i r j r i r j 


where y and z are the unique vectors in §t and Sj, respectively, such that y + z = 
v + w and y -R z. 
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Idea of Proof: The proof follows in four steps. First, we demonstrate that the FF’s 
form a set of minimal generators of Rd over Rd' using their construction in terms 
of convergents of the Hirzebruch-Jung continued fraction of cc. Then, since the FF 
generate all of Rd over Rq', and the leading terms of GF’A lies in Rd', we obtain 
the relations GF\ VV . We derive the relations LF’. W by considering when products of 
generators in neighboring degrees are equal. Finally, we demonstrate that GFW’s 
and LF’j W ’s generate all of the relations by using them to reduce arbitrary elements 
of Rd to a canonical form. 


Proof. For simplicity, we give a proof for when D' = 0, but the general can be 
analogously proved by replacing the orders of zeros and poles by the order of zeros 
and poles relative to D'. That is, one can work with rational sections of Op m (D') 
instead of rational sections of Opm, and the following proof goes through otherwise 
unchanged. 

We will first check that FF determine a system of minimal generators of Rd- 


We know 




are minimal generators in degree 


1 . 


Now let i > 1. 


Suppose FF were not minimal for some v G St. Then FF = FsF^ for some s,t G N 
and y , z € . In particular, we see that 


di = s +1 


Ci = deg v = deg y + deg z 


so is the mediant of the rational numbers des1J . which both do not exceed 
oc. One of deg ^ , de f z must be at least fr- and s and t are both less than di, 
which contradicts the assumption that ^ is a convergent of the Hirzebruch-Jung 
continued fraction of oc. Therefore, none of the FF are redundant. 

Next we show that FF generate all of Rd- In the case m = 1, O’Dorney |Q15i 
Theorem 6] demonstrates that each lattice point (|3,y) G Z> 0 with y < |3ct lies 
in the Z>o span of (dh., Cr) and (dh.+i, Cr+i ) for some h. G {0,... ,r}. A similar 
strategy works in the case m > 1. Let ((3,y) = Ki(dh,Ch) + K 2 (dh+i, Ch+i ) for 
Ki, K 2 G Z>q. Any element u .* G Rd is expressible as 

— x k 

uPx v /u dh \ K| /u dh+1 

We can then write v = ^(n) w (^) e an< ^ z (n) e §h+i t° 

give a decomposition 



( 2 . 1 ) 


uM 


n 


A=1 




X 


Ch 

k 


n 


r| = l 


u d K +i x Z(n) 


Y c h + 1 


consisting of products of generators Ff^ u) and FJ)*) 1 ] which are in the form prescribed 

• » . (3 v 

in the theorem statement. Since we wrote an arbitrary monomial u * G Rd as a 

x k 

product of generators, this shows that FF minimally generate Rd- 

Next, we show that the relations given in the statement of the theorem generate 
all relations. In particular, if j > i + 2 then FFFF V ’ has a decomposition of the 
form m of products of generators in adjacent degrees where h. depends on i and 
j, so we notate hyj := h. G {1,... ,r}. We also have that I < hy < j since (di + 
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dj,Ci + Cj) is in the Z>o-span of (dh i P Ch. M ) and (dh tJ +i, CKi,,+i )• Furthermore, 
hy 7 ^ i and Fly 7 ^ j — 1 as follows from an analogous proof to that given by 
O’Dorney [0151 Theorem 6 ] for the case of P 1 . This gives the relations GF’b’. 

One can use the relations GF’™ to transform any monomial in the IT’s involving 
indices that differ by more than 1 to a monomial in the FF’s involving indices that 
differ by at most 1 . 

We also have relations involving generators in consecutive indices. Suppose FF 
and FA are generators with j = i or j =1+1 and v £ §i, vv £ Sj with v ^ w. Let 
y and z be the unique vectors in and Sj, respectively, such that y + z = v + w 
and y + z (i.e. the nonzero indices of y followed by those of z give an increasing 
sequence). Then we see that 


rvrw _ 

r i r j — x 


v+w 


\ ( \ 1 L ^ 

u. \ / u. \ v y+z / ^ 


u d i 


= F u F z 

r i r j > 

v k / v ' v k / v ~k / 

which give the relations LF’™. 

Now, we may apply the relations LF’b' to any monomial in the FF’s involving 
indices that differ by at most 1 to produce the canonical form 

(F+'ySvf,) . ..(F^ K i>) 9i ’(K,yF* t 1 ' ) ) 9,s n) • • • (F"' 1 K2) ) 9 ™(' < 2) 


where V(i) + V(2) + ...-< V( K ,) < W(i) W( K2 )- Consequently, the relations 

of form GF’b 7 and of form Lb’b 7 generate all the relations among the F^’ w . □ 


Remark 2.6. In the case that D = ctoDo is supported on a single hypersurface, the 
relations in Theorem [53] form a reduced Grobner basis with respect to the ordering 
given in Definition 12.41 


Remark 2.7. Note that we cannot extend this result to the case when D is supported 
at two hypersurfaces with arbitrary rational (non-effective) coefficients in the same 
manner that O’Dorney does for the P case [0151 Section 4]. As will be shown in 
Example 12.91 the degrees of generation of the generalized canonical ring of a general 
Q-divisor supported on two hyperplanes cannot be bounded so tightly. The two- 
point P 1 result leverages the fact that P 1 has precisely two independent coordinates, 
so that two distinct integral subschemes cannot represent equations of only m of 
the m + 1 coordinates. 


Theorem 12.51 gives an inductive procedure to compute presentations of effective 
divisors which are supported on hyperplanes. However, for m > 2, there are hyper¬ 
surfaces which are not unions of hyperplanes. We now address this general case, 
giving an inductive presentation of generalized canonical rings of effective divisors, 
and a tight bound on the degrees of their generators and relations. 

Theorem 1.1. Let D = ]rF =0 ctiDi £ Q®zDivP rrl , with £ Q>o in 

reduced form and each D 2 £ DivP m an integral divisor. 

Then the generalized canonical ring Rd is generated in degrees at most maxo<i< n hi 
with relations generated in degrees at most 2 maxo<t< n Ri- 

Proof. We proceed by induction on n. If n = 0, i.e. D = 0, then we are done. 
Now, we inductively add hypersurfaces. Let D' = X.T=o wDt £ Q (g>z Div P m , 
and assume the theorem holds for D'. It suffices to show the theorem holds for 
D £ DivQ®zP m , where D = D' + ocC for some degree 5 hypersurface C. If C were 
a hyperplane, we would then be done, by Theorem 12.51 
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To complete the theorem, we reduce the case that C is a general hypersurface to 
the case that C is a hyperplane, by using the Veronese embedding. 

If C is of degree 6 , consider the Veronese embedding v£H P m —> p( 6 so 
that the image of C is the intersection of a hyperplane in p( 6 with v^ rl (P m ). 
Now, note that the ring R„c is isomorphic to the 6 Veronese subring of R a v(x 0 ) = 
© d >o ud H 0 (P m , daV(xo)) and so the generalized canonical ring Rh of the hyper¬ 
plane HcPl ‘ ) _1 restricted to v™(C) is isomorphic to Re- Therefore, we can 
bound the degree of generators and relations of Rd over Rq' by the degree of gen¬ 
erators and relations for Rc = Rh- This reduces the case of a hypersurface C to a 
hyperplane H, completing the proof by Theorem 12.51 □ 

Remark 2.8. Note that the proof of Theorem 11.11 not only gives bounds on the 
degrees of the generators and relations, but actually gives an explicit method for 
computing the presentation. In particular, these bounds are tight. The generator 
bound is always achieved and the bound on the relations is achieved if m > 2 . 

2.3. Bounds for Arbitrary Divisors on Projective Space. We now offer 
bounds on generators and relations of Rd for a general Q-divisor D G Q(g>zDiv P m . 

Let D = XT=o a iDi G Q (g>z DivP m and let fi be homogeneous polynomials in 
xo, -.. ,x m such that Di = V(fi) deg(ft) = cp for all i. 

For the remainder of this section, we shall make the additional assumption that 

( 2 . 2 ) f 0 >•• • > fm are independent linear forms. 

The first aim of this section is to prove Theorem 11.31 bounding the number of 
generators and relations of Rd- Before doing so, we justify the importance of 
assumption ( 12 . 21 ) with several illustrative examples. 

Example 2.9. In this example,we show that the naive generalization of [0151 
Theorem 8 ] of generation in degree at most ]T[L 0 cannot possibly hold. The 
reason for this is that the divisors may be expressible as functions in m of the 
m + 1 variables on P m . 

Concretely, take D = |Ho — ^Hi where Ho = V(xo),Hi = V(xi) are two 
coordinate hyperplanes in P 2 . Then, Rd has generators in degree 2 and 3 which 
can be written as u 222j -,u 32 W In fact, for all degrees less than 5, the elements of 
Rd can all be expressed as rational functions in xo,xi. However, in degree 6, there 
is u to • x 'f 2 . Since this involves X 2 , it must be a generator. 

x o 

This example generalizes slightly to any divisor of the form D = -jj-Ho — FfT ^ 1 ^ 
Q®zDivP 2 , with k G N, showing that there will always exist a generator in degree 
k(k+ 1 ). 

This example further generalizes to the following situation: Suppose 

n 

D = V —Di G Q <g> z QDivP m , 

where degDi = cp and degD = i cmo< . < 1 ( q . , a .; ■ Then, if Di = V(ft) where all ft 
can be written as a polynomial function in xo,... ,x m _i, it follows that Rd always 
has a generator in degree lem (q t -at). 

As illustrated in Example 12.91 when all components in the support of divisor 
can be written in terms of m of the m + 1 variables on P m , we cannot hope to 
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bound the degree of generation by anything less than the sum of the least common 
multiples of the denominators. This issue can easily be circumvented by adding in 
“ghost points.” That is, we may add divisors of the form 0 ■ Hi to D, and reorder 
so that if D = ]La=o °bV(fi), then fo,...,f m are independent linear functions in 
xo, • • •, x m . 

In Example 12.101 we show that it is still, in general, necessary to add ghost 
points, even when the irreducible components of a divisor are not all expressible as 
functions in m of the m + 1 variables on P m . 

Example 2.10. Consider ^-V(xq + x 2 + x 2 ) + + x f +* 3 ) + T7^( x o + x 2 + 

x|) — 5 ^ 6 V(x^ + x| + xf). In degree 355216 = 5 • 7 • 17 • 596, this has dimension 6 . 
However, approach, as all lower degrees only have dimension at most 1. Therefore, 
we cannot hope to bound the degree of generation of Rd as a linear combination of 
ft, in analogy to j015|. Theorem 8 ] unless we require that D includes ghost points. 
That is, unless Do,... D m are taken to be linearly independent hyperplanes. 

Having justified the necessity of adding ghost points, we proceed to bound the 
number of generators and relations of arbitrary Q-divisors in projective space. We 
bound the generators in Lemma 12.121 and we use Lemmas 12.13112.141 and 12.151 to 
bound the degree of relations in the proof of Theorem 11.31 Note that Proposi¬ 
tion 12.111 Lemma 12.131 and Lemma 12.141 are quite general and will also be used in 
Section [3] to bound the degree of generators and relations on Hirzebruch surfaces. 

Proposition 2.11. Let n G Z, let oto,..., oc n G Q, and let dp bt G Z with 0 < i < 
n. Define 

{ n n 

(d, Co,..., c n ) G Z n+2 : d > —dap 0 < i < n and ^ at = ^ b, = 0 

i =0 i =0 

Suppose eo,...,e t S I with d = (6i, Cq, ..., cjj are a set of extremal rays of I, 
i.e. L is contained in the Q>o span of e 0 ,..., e n . 

Then, as a semigroup, L is generated by elements whose first coordinate is less 
than H!=o 6 p Furthermore, every element cr G L can be written in a canonical 
form 


(2.3) o-^A + ^Cm 

i —0 

with Ci,...,Ct G Z>o, 0 < Si < 1, and A = Xa=o SiSi s0 ^at the first coordinate 
of\ is less than X(i=o &i- 

Proof. By assumption, cr G L can be written as a = r i e i with d G Q. Let 

frac(r) := r— |_ r J denote the fractional part of r. Let A = Y.l=o frac(ri). Whence, we 
can write cr = A + i=o L r iJ e i • Consequently, cr lies in the Z>o span of A, eo,..., d , 
which all have first coordinate less than f (_ A 6 t. Ergo, L is generated by elements 
whose first coordinate is less than LLo*i- D 

By Proposition 12.111 in order to bound the degree of generation of Rd , we only 
need bound the degrees of extremal rays of an associated cone. We now carry out 
this strategy. 
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Lemma 2.12. Let D = &iDi £ Q< 8 >zDivP m , where degDt = at, ai = £ 

Q, and = lcmj^i(kj). Then, Rd is generated in degrees at most X.iLo^idi. 

Proof. Let 

(2.4) I = | (d, Co,..., c n ) £ Z n+2 : ci > —dai, 0 < i < n, and Y Lch = o| . 
Observe that L has extremal rays given by the lattice points 

(2.5) Ci— I f i Cli, (Xo^i CLi, . . . CX-t— 1 fiCli, f i ^ OCj CXj, <X ^+1 fiCli, • • ., a,x, f iQ-i J 

V w J 

for each i £ {0,... n). Therefore, applying Proposition ^. Ill we see Rd is generated 
in degrees less than 

n 

Y 

i =0 

□ 

Let wi,... w r be the generators in degrees at most )Ti=o ^ a i (given by Lemma l2.12D . 
and let 4>: k[wi,... w r ] —> Rd be the natural surjection. For the remainder of the 
section, we aim to bound the degree of relations of Rd, or equivalently, the degree 
of generation of kercfn We can factor <j) through the semigroup ring 


k[I] = (u d ZQ° • • • z'ff : d £ Z, d > —dai, and Y_ a iO = Y. ^ iCt )- 

i—0 i—0 

by 

k[wi,..., w r ] ---> k[Z] -—->■ Rd 

( 2 . 6 ) 

Wi I-> U di Zq 10 • ■ ■ Z^ iTl I-» U di fg i0 • •■ fn iTl . 

In Lemma f2.131 we show that the degree of the generators for kercj), which is the 
same as the degree of relations of Rd , is bounded by the maximum of the degree 
of generators for kerx and for ken]). In Lemma 12.141 we bound the degree of 
generation of kerx, and we bound the degree of generation of ken]> in Lemma 12.151 

Lemma 2.13. Let X be an arbitrary scheme and let D = LLo a i°i G Q®zDivX 
where Di = V(fi). Suppose we have a surjection c|3: k[wi,... ,w r ] —> Rd given by 
wi i—> pi(f 0 ,..., f n ), where pi is a monomial in fo,..., f n - Let ao,..., a n , bo,..., b n £ 
Z>o. Then, define 

n n 

I = (u d Zo° • • • z'ff : Ci > —dai, Y. a ‘ Ci = Y. ^ iCi = ^)- 

i—0 i—0 

In this case, we can factor c]> as a composition of x and ;)> defined by 
k[wi,..., k[I] -—-> Rd 


-> 


d-i yCiO 


Vl x Z, 




ll di f Ci0 • • • f C in 
u 1 0 1 n * 


W; v 
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Assuming x is surjective, the minimal degree of generation of ker is at most the 
maximum of the minimal degree of generation of ker x and the minimal degree of 
generation of ker rji. 

Proof. First, note that surjectivity of x implies we have an exact sequence 
0 - > kery- > kercj)-> kerrjir 0 . 


This shows that lifts of generators of ker rji together with images of generators of 
kerx generate all of ker cj), as desired. □ 


Lemma 2.14. Retaining the notation of Lemma \2.13\. if L has extremal rays 
eo,..., et in degrees do,..., d t then kerx is generated in degrees at most 2(£Lo di- 


1 ). 


Proof. Since eo,...,et are extremal rays, Proposition 12.111 implies every element 
c r £ L can be written in a canonical form A + (_ A Ci^i where all Ci € Z>o- 

Let Ao := 0, A-|,..., A r be all elements of L which can be written in the form 
h = Lt o Sie, with 0 < St < 1. Then, for any 1 < j < k < r, we can write 
Aj + Ak in the above canonical form, yielding a (possibly trivial) relation in degree 

at most degAj +deg A^ < 2 • dt — 1 j • Furthermore, these relations generate 

all relations, as one can apply a sequence of these relations to put any cr £ L into 
canonical form a = A + Xc=o Ci e i from Proposition 12.Ill □ 

Lemma 2.15. Let D = ^T=o a iDt £ Q(g>zDivP m , where degDt = at, at = £ 

Q, and ft = Icnq^kj). Define L as in Equation (12.41) and iji as in Equation (12.61) . 
Then, kerrj) is generated in degrees at most 


(2.7) 


max 0 <t<Tt(at) 

deg(D) 


n 

+ Y li Q i- 

i—0 


Proof. We claim there exist (3 q, ..., (3n £ k[L] such that kerrji is generated by 


(2.8) u d (zt-Pi)n^ Cj 

j=o 

for all deN and Ct > —atd satisfying at + a > c i = 

Indeed, define the (3 1 as a polynomial in zo,..., z m such that 4>(|3t) = 4>(zt) = 
ft £ Rq ■ This is possible by Proposition 12.11 Furthermore, the relations given in 
Equation (12.81) generate all relations, since they allow us to reduce any u d ]~[j=o z 'j i 
to a canonical form, with Ct = — LdatJ whenever i > m. 

For the remainder of the proof, fix i G {0,..., n}. To complete the proof, it suffices 
to bound the degree of generation of the relations of the form u d (zt — (3t) n|Lo z j ’ > 
by Equation (12.71) . For a given monomial u d (zt — Pt) riy=o z j’ e we associate 
it with the corresponding element (d, Co, ... , c n ) £ L. Let It C Z n+2 be the set 
of points of the form (d, Co,..., c n ) satisfying c, > — daj for all j and Xq=o c i a ) = 
—ar. Let 


5i := 


at 

deg(D) ’ 


a 0 a 0 

d^D)’’"’ 


an an \ 
deg(D)y ’ 
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Then we see It = {cr G I|cr — 6i G spanQ >o (eo,..., e n )} with e x as defined in 
Equation 12.51 Therefore, we can write any element of L x uniquely as 

n 

Si + X c i e ) 

1=0 

where c, G R for each j. 

Whenever some there is some j for which c, > 1, we can write the relation 
u d (zt — (3i) rijLo z j' = e A> f° r some h- G ^i- Therefore, for a fixed i, relations of 
the form u d (zi — |3i) n|Lo z \ G k[Z] are generated by those in degrees less than 

i +X £iat ’ 

deg(D) f— o 

as degSt = de g^ D y - Hence, kenji is generated in degrees less than 


max 0 <t< n Qj 
deg(D) 


n 

+ Y fiat. 

i=0 


□ 


By combining the above results, we get our main theorem bounding the generator 
and relation degrees of the generalized canonical ring of any Q-divisor on projective 
space. 


Theorem 1.3. Let D = oqDi G Q (g>z DivP m with oc\ = £7 G Q in reduced 
form. Write i x := lcmj^i(k.j) and at := degDi. Let P m = Projk[xo,... ,x m ] and 
define Di := V(fi), for some fi G k[xo,... ,x m ]. Now suppose that {fo,...,f n } 
contains m + 1 independent linear polynomials in xo,... ,x m ( where we allow for 
ocj = 0 in the expansion of D). 

Then Rd is generated in degrees at most X^t=o ^ iCLi w relations generated in 
degrees at most 


max 



maxo<i< n (ai) 

deg(D) 



Proof. The bound on degree of generation is precisely the content of Lemma 12.121 
It only remains to bound the degree of relations. 

Bv l2.141 kerx is generated in degrees at most 2^r™ =0 i x a x and by Lemma 12.151 
ken)), is generated in degrees up to — 1 +X^r=o ^i Q i- Consequently, Lemma l2.13l 
implies that ker cji is generated in degrees less than 


max 



maxo<i< n (aQ 

deg(D) 



□ 


Remark 2.16. The bounds given in Theorem ll.3l are asymptotically tight to within a 
factor of two for the following class of divisors. Consider a divisor D = e 

Q DivIP m such that Ht are hyperplanes, qt are pairwise coprime integers, 
and pi are chosen so that degD = T-rnr——■ Further, choose a linear subspace 

7 t: P 1 —) P m generically so that 7t*D = j^-Pi, where Pi are distinct points 
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in P 1 . To choose such a map 7t, we may need to assume that the base field is infi¬ 
nite. Note that by the Remark immediately following Theorem 8 in (015] . the given 
bounds on the generators and relations of R^d are within a factor of two of the de¬ 
gree of generation and relations of R n *D- Finally, since restriction map Rd —> Rtt*d 
induced by the restriction maps on cohomology H°(P m , dD) —> H°(P 1 ,7t*(dD)) = 
H°(P\d7T*D ) are surjective, we obtain that the bounds for the generators and re¬ 
lations of Rd given in Theorem 11,31 also agree with the degree of generation and 
relations to within a factor of two. 


3. Canonical Rings of Hirzebruch surfaces 

The aim of this section is to prove Theorem 11.51 bounding the degree of genera¬ 
tors and relations of the generalized canonical ring of a Q-divisor on any Hirzebruch 
surface. 

One way to describe the Hirzebruch surface F m is as a quotient, 

F m = (A 2 \ {0}) x (A 2 \ (0})/G m x G m 

where G m is the multiplicative subgroup of A 1 , and the action of G m x G m is 
given by (A, p) ■ (u: v;z: w) i—> (Au: Av; pz: A~ m pw), as described in |Zhal41 p. 6 ]. 
Hence, one can think of F m as a P 1 bundle where u, v are the coordinates on P 1 
and z, w are the coordinates on the fiber. Sections of a line bundle L on F m can 
be written as rational functions in z, w,u,v. Furthermore we define the bi-degree 
of a monomial u a v b z c w d on F n to be (a + b + mc,c + d). Rational sections of 
F m can be written as rational functions with numerators and denominators with 
the same bi-degrees. To see this, observe Pic(F m ) = Z x Z, where the class of a 
line bundle in Pic(F m ) is determined by its bi-degree, as follows from the excision 
exact sequence for class groups. 

Furthermore, similarly to the case of projective space, we will restrict to the case 
that D is a divisor for which both of its bi-degrees are positive. We now justify 
this restriction. If either of the bi-degrees of D are negative, then the generalized 
canonical ring is concentrated in degree 0. If one of the bi-degrees is 0, say the first 
one is 0, then Rd is isomorphic to Rdc where D' £ Q DivP 1 , where D' can 
be written as a sum of divisors whose degrees are multiples of the second bi-degree 
of D. Since the case of P 1 has already been analyzed in IQ15I . we are justified in 
assuming that both bi-degrees of D are positive. 

For the remainder of this section we will assume Di, D 2 , D 3 , and D 4 are distinct 
divisors with bi-degrees (1,0) , (1,0), (0,1), and (0,1) respectively with Dj. = V(ft) 
for 1 < i < 4 with ft € 0(ai,bt). In order to achieve the above condition on 
the bi-degrees of Di,...D 4 , it may be necessary to add in “ghost divisors” (i.e. 
divisors with of the desired form with a coefficient 0). Also, note that, fi and f 2 
are independent linear polynomials in u and v and f 3 and f 4 are independent linear 
polynomials in z and w. Analogously to Proposition 12.11 for the case of P m , all 
rational functions on F m can be written uniquely in a form where their numerator 
is a function of only fi, f 2 , f 3 , and f 4 . 


Definition 3.1. Define 


T=(D) = < i G {1,. . .,n} : at b k<Xk = b i Y- Qk0Ck 
l k=l k=l 
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T+(D) = < 1 G {1,... ,n}: a t «k b k > b i Y_ a ka k > , 


k=l 


k=1 


and 


T_(D) = < ie{1,...,n}: a t a k b k < b i ^ akClk f • 


k=i 


k=l 


Lemma 3.2. For D = EC=i ^Di G DivQ <g)z F m , with degDi = (at,bi), t- L = 
lcmj^i(kj), iy = lcmn^i,)(kh). Then, the generalized canonical ring Rd is gener¬ 
ated in degrees at most 


(3.1) 


P := gcd(ai,bi)£i + ( a t b i - QjbOfij. 


i£T = (D) 


i6T+(D) 

jST.(D) 


Proof. Suppose g G (Rd)c 1 is a monomial. Then 

n 

9 = ud n f ^ ci 

1—1 

for some Ci > — a,d such that X)T=i c i Q i = ® and X)T=i Cib > = We can y i ew 9 
as an element (d, ci,..., c n ) of the lattice 


i n n 

(d', c\ ,..., c(J G 1 : c( > —dai for all i and ^ c(ai = ^ c(bt = 0 

i = l i=l 

In order to determine a generating set for (Ro)d> it suffices to find the extremal 
rays of L. To do this, we extend the method of O’Dorney [0151 Theorem 8]. We 
first consider the sub-cone Ij C I given by 


Ii = < (d, ci,..., c n ) G 1 : ci > —dai for all i and ^ Ci(cii + bi) = 0 


i = l 


which has extremal rays given by 


/, Lj^i«j( a j + b i) 

e t := 1 , -ai,..., — a t _i, —--—-, -a i+1 ,..., -a n 

V + bi 

for 1 < i < n. 

Let Ii < 8 >z Q be the Q>o span of ei,... e n . We can intersect Ii Q with the 
hyperplane H := V (^[ v =1 aiXi) to get the subspace I<S>zQ = Hn (Ii < 8 >zQ). Then, 
the extremal rays of I are precisely the extremal rays of I ®z Q. 

The extremal rays of I®zQ can be represented by points lying only on the edges 
eiej. The extremal rays are given by multiples of those Ci’s which are contained in 
H together with intersection points ey which can be expressed as H fl , where 
i / j and ei, e, ^ H. Note that e^j is only defined in the case #{H 0 ei, ej} = 1. 

From this geometric description of the extremal rays, we can write the extremal 
rays algebraically as follows. For i G T=(D), define ei G k[I] in degree 

di = £igcd(ai,bi) 

by 



ei 1— di£i. 
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For i G T+(D) and j G T.(D), with i < j, define eqj G k[I] in degree 

di,j = h,j (atbj - ajbi) 

by 

_ a i dt,j oikbic — bj di,j ockQk ^ 

e r,j r r £ i 

atbj-biaj 

a i lyt,) did a kb k - bt Ik/t,j dj,j a k ak ^ 

Qjbi-bjai 

Since these e x are multiples of et and these eq, are points of intersection of H 
with eiej such that neither e x nor e, are contained in H, these form a set of extremal 
rays of L. 

Thus, Proposition 12 .111 implies that Rd is generated in degrees less than the sum 
of the degrees of the et and eqj, which is 

P= Y gcd(cii,bi)£i + Y_ (atbj - ajbi)£i,j. 


iCT= (D) 


i£T + {D) 

j£T.(D) 


□ 


Let wi,...,w r be the generators of Rd in degrees less than p (as given by 
Lemma EH21) . and let c|d be the surjection k[wi,... w r ] —» Rd- As in Section [2J we 
can factor (J) through the semigroup ring 


by 


k[I] = / u d z, 1 • ■ ■ z'ff : Ct > —dat, Y_ a iCi = Y. ^ iCi 

\ i=l i=1 / 

k[wi,..., w r ] ---> k[Z] -—-> Rd 


Wi i-> u di Zi n • ■ -Zn in 1 -> u di f^' ■ • •f£ iTl . 

By Lemma r2.141 we can bound the degree of generation of kerx below 2p. Finally, 
we calculate the degree of generation of tJj : 

Lemma 3.3. Let p be as in Equation (ED. Then, kerij; is generated in degrees 
less than 

x := p + max max(£t gcd(ai, bt)), max(£t x (aibi — cubO) 

\ iST= i£T+ " 

\ jeT. / 

Proof. We first claim that there exist u deg z ' (3 1 ,..., u deg Zn |3 n G k [uzi, uzi, UZ3 , UZ4] 
such that kenj) has relations of the form 

TL 

u d (zt - 30 n z i cj 

i=i 

lying in some degree d G N with c, > — a.jd (for all j) satisfying Qi + ^j^i a i c l = 0 
and b; + ^rj x =1 bjCj = 0 . Specifically, (3t, is the polynomial (3i(zi ,Z2,Z3,Z4) so 
that 3i(zi,Z2,Z3,z 4 )-Zi G kenj;. Such an element (3 exists and is unique because 
rational functions whose numerators are polynomials in fi,f 2 >f 3 >f 4 form a basis 
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of all rational functions in Rd- Furthermore, these generate all relations, since 
they allow us to reduce any monomial u d OjLi z \ to the canonical form where 
rj = — [docij whenever j > 4. To bound the degree of generation of these relations, 
we bound the degree of generation of the ideal (|3t — zj PI ker(i|i) for each i. 

For the remainder of this proof: we fix i £ {1,..., n} and fix a relation 
of the form u d (zi — (30 Ily=i z i’ as we see ^ to bound the degree of generation of 
the ideal ((3i — Zt) fl ker(rji). Note that there are no relations for i £ {1,2,3,4} 
as then (3t — Zi = 0 £ k[L]. Thus we restrict attention to i > 5. Our goal is to 
show that if u d (zi — (3 1 ) njLi z ) has sufficiently high degree, then there is another 
relation dividing it. We do so by considering the lattice points corresponding to 
the monomials appearing in the relation u d (zi — Pi) njLi z ) ■, and finding a fixed 
A £ L that we can simultaneously factor out of all monomials. 

Consider a relation u d (zt — (30 z } Cj and let it correspond to the lattice 
point cr := (d, Ci,..., Ct i, Ct + 1, Ct + i,..., c n ) £ L. Then we can write a as a 
sum of Sje^’s for j £ T = and for j £ T + ,k £ T_. For convenience, define 

dj := deg e, (when it exists) and let the j th component of e, be — otjdj + kj for some 
Kj £ Q. Also, let dpk := deg epic (when it exists) and let the j th component of epic 
be — otjdj, 1 c + K- k and the k th component be — otic dp ic + K" k for K- k , K" k £ Q. 

Since u d (zt — (3t) ] _ [|) =1 Zj 1 is a relation, each monomial of it must be an element 
of I. This implies that SiKj. > 1, )W gT Spji<N > 1 , and Xj gT+ Si,jK" t > 1 if 
i £ T=, i £ T + , and i £ T_ respectively. 

If I £ T = define := d-. If i £ T + choose r,j £ Q > 0 for all j £ T_ such that 
Hj e T r i,j K yj = 1; similarly, if i £ T_ choose rpi £ Q>o for all j £ T + such that 
Z^jeT r jd K j\i = h For j ^ i, define r, := 0. For all pairs (j,k) so that j ^ i and 
k 7 ^ i define rpic := 0. Define E by 

(3.2) E := (sj (sj tjj)ej + (spic — |_ s j,k ) e j,k- 

j£T = j£T + 

keT. 


Note that 

(li gcd(ai,b t ) if i £ T = 

(3.3) deg(E) < p + < maxj eT .(fi,](aibj - ajbO) ifi£T+ 

[maxj eT+ (fj,i(ajb t - cub;)) if i £ T_. 


where p is as in Equation m- To obtain the bound given in Equation (13.3D . 
the p term corresponds to the sums of fractional parts of Sj — Tj ’s and spic — rpic’s 
whereas the second term corresponds to the sums of Tj’s and rpic’s (noting that in 
Equation 13.21 Sj — |_ s j — r jJ = r j + frac(sj — Tj)). 

Define 


A := cj-E = Y_ (L s i “ r )J) e i + Y (L s i,k - T pk.J)ej,k e L - 

j£T= j£T+ 

keT. 


Let be the set of monomials terms of (3t = |3i(zi,... Z 4 ). Let p = z j hj G 
Mi and consider the lattice point 


O'vi — (d, Ci + hi,..., C4 + h.4, C5,..., c n )- 


where d = deg o. Define 


E H = ffji-A. 
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From the definitions, E^ lies in L and has the same degree as E. 

By construction, E — ^^ gM . £ kerij) and divides u d (zo — (3t) nJLi ■ Fur¬ 

thermore, we have already bounded deg(E) in Equation (13.31) . Finally, recall kerij) 
is generated by relations of the form u d (zi — (3i) fljLi as i- ranges between 1 
and n. Thus, taking the maximum over all i of our bound in Equation (13.31) . we 
see ker ij> is generated in degrees at most 


x=p + max| max(fi gcd(Qi, bi)), max(£ij [ ciibj — ajbi)) < 2p. 


□ 


By combining the above results, we get our main theorem bounding the generator 
and relation degrees of the canonical ring of Q-divisors on Hirzebruch surfaces. 

Theorem 3.4. Let D = X.l=i £ Q E)ivF m where oq = ^ £ Q is written 
in reduced form. Write tgj := lcmh^i,] (ku). Let u, v, z, w be the coordinates for the 
Hirzebruch surface F m , as described at the beginning of Section^ and suppose that 
{f 1 ,..., f n.} contains two independent linear polynomials in u, v and two independent 
linear polynomials mw,x (with corresponding oq possibly zero). Recall T = ,T +; and 
T_ as given in Definition \S.l\ and let each Di = Vjf-i) where fi £ 0(cq,bi). 

Then Rd is generated in degrees at most 

P= Y- gcd(ai,bi)£t + (ciibj - ajbi)4,j 

ieT = (D) ieT+(D) 

jeT.(D) 

with relations generated in degrees at most 2p. 

Proof. The generation degree bound is as stated in Lemma 13.21 By Proposition 
12.131 the degree of generation of ker cf) is at most the maximum of the generation 
degrees of kerx and keriji, giving us the desired relations bound. The bound on 
kerx follows from Lemma f2.14l and the bound on kerij) follows from Lemma 13751 □ 


4. Further Questions 

Recall that every minimal rational surface is either isomorphic to P 2 or F m for 
some (EH871 . By Theorems 11.31 and 11.51 we have given bounds for 

the generators and relations of arbitrary generalized canonical rings on any minimal 
rational surface. A natural extension of our results is the following. 

Question 4.1. Can we describe generators and relations of Rd for a divisor D on 
an arbitrary rational surface X ? 

Every rational surface can be obtained from a minimal rational surface by a 
sequence of blow-ups |EH87j . Therefore, to answer Question 14.11 affirmatively, it 
suffices to bound the degree of generators and relations of the generalized canonical 
ring of a divisor on a blow-up of a given surface in terms of the generalized canonical 
rings of some associated divisors that given surface. 

Another direction to generalize the work in this paper would be to try to express 
generalized canonical rings of Q-divisors on X x Y in terms of those on X and Y. 
In this paper, we bounded the degrees of presentations on generalized canonical 
rings on P x P = Fo. Perhaps similar techniques can be used to bound de¬ 
grees of presentations on generalized canonical rings on (P ) k or more generally on 
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(P 1 ) 1 ' x • • • (P k ) lk . One might further try to generalize this to bounding degrees of 
presentations on bundles over P m or on more general products of schemes. 

5. Acknowledgments 

We are grateful to David Zureick-Brown for offering great advice on this project, 
for many useful suggestions on this paper, and for many valuable conversations. 
We thank Peter Landesman and Shou-Wu Zhang for offering helpful comments and 
suggestions for this paper. We also thank Ken Ono and the Emory University 
Number Theory REU for arranging our project and for the great support that we 
have received. Finally, we would like to acknowledge the support of the National 
Science Foundation (grant number DMS-1250467). 

References 

[BHPVdV04] Wolf P. Barth, Klaus Hulek, Chris A. M. Peters, and Antonius Van de Ven. Compact 
complex surfaces , volume 4 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 
3. Folge. A Series of Modern Surveys in Mathematics. Springer-Verlag, Berlin, 
second edition edition, 2004. 

Jan Hendrik Bruinier. Hilbert modular forms and their applications. Springer, 2008. 
David Eisenbud and Joe Harris. On varieties of minimal degree (a centennial ac¬ 
count). In Algebraic geometry, Bowdoin, 1985 (Brunswick, Maine, 1985), vol¬ 
ume 46 of Proc. Sympos. Pure Math., pages 3-13. Amer. Math. Soc., Providence, 
RI, 1987. 

Brendan Hassett. Classical and minimal models of the moduli space of curves of 
genus two. In Geometric methods in algebra and number theory, volume 235 of 
Progr. Math., pages 169-192. Birkhauser Boston, Boston, MA, 2005. 

Aaron Landesman, Peter Ruhm, and Robin Zhang. Spin canonical rings of log 
stacky curves. Accepted by Annales de I’Institut Fourier, 2016. 

Evan ODorney. Canonical rings of Q divisors on P 1 . Annals of Combinatorics, 
19(4):765-784, 2015. 

Gerald Van Der Geer. Siegel modular forms. arXiv preprint arxiv:06053f, 2007. 
John Voight and David Zureick-Brown. The canonical ring of a stacky curve. 
arXiv:1501.04657, 2015. 

Yongqiao Zhao. On sieve methods for varieties over finite 
fields. PhD thesis, University of Waterloo, 2014. Available at 
http: / / gradworks.umi.com /35/93/3593347.html. 

(Aaron Landesman) Department of Mathematics, Harvard University 
E-mail address: aaronlandesmanOcollege. harvard. edu 

(Peter Ruhm) Department of Mathematics, Stanford University 
E-mail address: pruhm@stanford.edu 

(Robin Zhang) Department of Mathematics, Stanford University 
E-mail address: robinzl6@stanford.edu 


[Bru08] 

[EH87] 

[Has05] 

[LRZ16] 

[015] 

[VDG07] 

[VZB15] 

[Zhal4] 



